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Abstract

Strong product G; X G2 of two graphs G; and G5 has vertex set V(G1) x V(G2)
and two vertices (u1,v1) and (ug, v2) are adjacent whenever u; = us and vy is adjacent
to vg, or uy is adjacent to us and vy = vg, or u; is adjacent to us and vy is adjacent to
vo. We investigate the factor-criticality of G; X G2 and obtain the following;:

Let G; and Gy be connected m-factor-critical and n-factor-critical graphs, respec-
tively. Then

(@) ifm >0,n=0, |V(G1)| = 2m+2 and |V(G2)| > 4, then G K G3 is (2m + 2)-
factor-critical,;

(#) if n =1, [V(G1)| = 2m + 3 and either m > 3 or |V(G2)| > 5, then G; K Gy is
(2m + 4 — e)-factor-critical, where € = 0 if m is even, otherwise € = 1;

(@) f m+2 < |V(Gy)| <2m+2,or n+2 < |V(G2)| € 2n+ 2, then G; X Gy is
mmn-factor-critical;

(iv) if [V(G1)| = 2m+3 and |V (G2)| > 2n+3, then G1KG> is (mn—min{[22]5, [22],})-
factor-critical.
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1 Introduction and Notation

The graphs considered in this paper will be finite, undirected, simple and connected. Let
G be a graph with vertex set V(G) and m be an integer such that 0 < m < |V(G)| —2. A
graph G is m-factor-critical (hereafter ‘m-fc’) if

e (i) [V(G)| =m (mod 2);

e (ii) for any S C V(G), if |S| = m, then G — S has a perfect matching (i.e., a 1-factor).
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In particular, a graph G is said to be factor-critical if G—u has a 1-factor for every u € V(G)
and to be bicritical if for every pair of distinct vertices v and v, G — {u,v} has a 1-factor.
The factor-critical graphs are used as essential “building blocks” for the so-called Gallai-
Edmonds matching structure of general graphs and bicritical graphs are studied by Lovéasz
to develop brick-decomposition as powerful tool to determine the dimension of matching
lattice (see [7]). A graph G is called m-extendable if every matching of size m can be
extended to a perfect matching of G. Clearly, a 2m-fc graph is m-extendable.

Favaron [3] and Yu [9] introduced the concept of m-fc and studied the basic properties
of m-~fc graphs, independently. Several properties of m-fc graphs will be used in our proofs,
so we summarize them as follows.

Theorem 1.1 ( [3], [9]) Let G be an m-fc graph with m > 1. Then
(a) G is also (m — 2)-fe, if m > 2;
(b) G is m-connected;

(¢) G is (m+ 1)-edge-connected. In particular, §(G) > m + 1.

Let ¢,(G) denote the number of odd components of G. Favaron [3] and Yu [9] also gave
a sufficient and necessary condition on m-fc graphs, independently.

Theorem 1.2 ( [3], [9]) A graph G is m-fc if and only if c,(G — S) < |S| — m, for all
S CV(G) and |S| = m.

It is natural to study the factor criticality and matching extendability of different types
of graph products, since such products contain a large number of 1-factors and they often
form a ‘skeleton’ of Cayley graphs. Some interesting properties of product graphs can be
found in [4] and [5]. Here, we investigate the factor-criticality of the strong product of an
m-fc and an n-fc graphs.

Strong product G1 X G2 of two graphs G1 and G has vertex set V(G1) x V(G2) and two
vertices (u1,v1) and (ug,ve) are adjacent if either u; = ug and v; is adjacent to v, or uj is
adjacent to uo and vy = ve, or uy is adjacent to us and v is adjacent to vs. For example,
KoyX Ky = Ky.

The “projection” subgraph of G;XG3 induced by the vertex set {(u,vo) | u € V(G1),v0 €
V(G3)} will be denoted by G¥°. Tt is called a row of G; K Go. GY° denotes the subgraph
of G1 W G2 induced by the vertex set {(u,v) | u € V(G1),v € Vo C V(G2)}. Similarly, we
define the notation G5° (a column of G1 ¥ Gy) and G5°. Clearly, GY = G and G = Gy.

One of the important technique throughout the proof is T-join. Let 7' C V(G) with |T|
even. Let H be a spanning subgraph of G and dp(z) denote the degree of x in H. Then H
is called a T'-join, if

dy () 1 (mod 2), ifeel
x) =
" 0 (mod 2), ifeeV(G)-T.

Note that for a T-join H, any vertex of T is of odd degree in H and other vertices are
of even degree in H. Given a connected graph G and a subset ' C V(G) with |T| even,
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there always exists a T-join. A common way to construct a T-join is as follows: pairing up
vertices of T and finding a path connecting them in G for each pair, and then the symmetric
difference of these paths are the desired T-join. If we delete all the edges of the Eulerian
cycles of a T-join, the new subgraph F' becomes a forest and it remains a T-join; moreover,
for every uwv € E(G), dp(u) +dp(v) < |T|+ 2.

In fact, T-joins associate with several well-known optimization problems: shortest paths
problem instances with negative length edges, the Chinese postman problem, the 1-matching
problem, and so on. In [2], Edmonds and Johnson showed that the 7-join problem can be
reduced to the weighted matching problem. The idea of this reduction is as follows: for
every pair of vertices u,v in T, compute the distance d(u,v) in G. Consider the complete
graph H with vertex set T', with the edges of H weighted by the corresponding d(u,v).
Let M be a minimum weight perfect matching in H and, for each edge uv € M, let P,
be a u — v path of the minimum length in G. It is not hard to show that the P,,’s are
mutually edge-disjoint and hence that Uy,ens Py is @ minimum 7-join. Edmonds [1] proved
that the weighted matching problem can be solved in polynomial time. Later, Wattenhofer
and Wattenhofer [8] presented an algorithm for constructing a minimum weighted perfect
matching on complete graphs whose cost functions satisfy the triangular inequality, and
this improved the running time to O(n?logn). So from algorithm complexity point of view,
finding a T-join is a P-problem.

We use the notation [z]s = 2|z /2], i.e., [x]2 denotes the maximum even number no more
than z. And [n] = {1,2,...,n}. For terminology and notation not defined here, readers are
referred to [7].

2 Main results
The main result presented in this paper is the following theorem.

Theorem 2.1 Let Gy be a connected m-fc graph and Gy be a connected n-fc graph.
(i) If m>0,n=0, |V(G1)| = 2m + 2, and |V(G2)| = 4, then G1 K Gy is (2m + 2)-fc;
(i) if n = 1, |V(G1)| = 2m + 3, either m > 3 or |V(G2)| > 5, then Gi1 X Gy is
(2m + 4 — e)-fc, where e = 0 if m is even, otherwise e = 1;
(7i1) if m+2 < |[V(G1)| <2m+2, orn+2 < |V(G2)| < 2n+2, then G1 X Gy is mn-fe;
(iv) if [V(G1)| = 2m+3 and |V (G2)| = 2n+3, then G1 KRGy is (mn—min{[32],, [32],})-
fe.

Remark. In [5], Gyori and Imrich conjectured that the strong product of an m-extendable
graph and an n-extendable graph is ([(m + 2)(n + 2)]2 — 2)-factor-critical. This conjecture
is still open. In the above theorem, we use a stronger condition to obtain better results.
For example, (iv) if G; and G9 are 2m-fc and 2n-fc (which imply m-extendability and n-
extendability), then G; K Gy is at least (4mn —min{[3m]a, [3n]2})-fc, which is stronger than
the conclusion in the conjecture when m,n > 3.



An important special case of the main theorem is the following, which is used many
times in the proof of Theorem 2.1.

Theorem 2.2 If G is an m-fc graph, then G X K is 2m-fe.

In addition, we need the following lemmas.

Lemma 2.3 Let Gy be m-fc and Gy be n-fe (n > 2) such that G1 X (G2 — v) is m(n — 1)-
fe, for any v € V(G2). Suppose X is a subset of V(G W Ga) with |X| = mn. If there
exists a verter v € V(G2) such that | X NV (GY)| = m, then there is a perfect matching in
G1XGy, — X.

Proof. Let Xo = {z1,...,zmn} be any m vertices of X NV (GY). Then G} — Xy contains
a perfect matching M as Gi is m-fc. Consider the edges yi21,...,ypz, of M such that
zi € X — Xpand y; ¢ X — Xy. As Gy is m-fc, by Theorem 1.1, 6(G1) > m + 1. Thus, for
v € V(Gy) — v, if v’ € E(Gs), y; has at least m + 2 neighbors in GY', by the definition of
strong product. Moreover, v has at least n + 1 neighbors in Gy as Gg is n-fc. Thus every
vertex y; has at least (n+1)(m+2) neighbors in G1X(G2—v). Since GY contains at least m+p
elements of X, we infer that G1X(G2—v)—X contains at least (n+1)(m+2)—(nm—m—p) >
p neighbors of any y;. Thus there exist vertices wy,...,w, € V(G1 W (G2 — v)) such that
w; ¢ X, yiw; € E(GiKGy) fori=1,...,p. Let X; = (X — V(GY)) U{wi,...,w,}. Then
|X1| = m(n — 1) (mod 2) and |X1| < m(n —1). So, there exists a perfect matching M
in G; X (G2 —v) — X1 by the assumption. Let Mj be the set of edges of M with both
end-vertices in X. Then M; U (M — My) U {y1wr,...,ypwp} —{y121,...,Yp2p} is a perfect
matching in G; X Gy — X. |

In the case of n = 1, we can deduce the following lemma by the same technique.

Lemma 2.4 Let G1,G2 be m-fc and 1-fe, respectively, and let X be a subset of V(G1XG2)
with | X| = 2m + 4 when m is even (resp. | X| = 2m + 3 when m is odd). Suppose that v is
a vertex of G such that Gy X (G —v) is (2m + 2)-fc. Then there is a perfect matching in
Gi1 X Gy — X if

(1) m is odd; or
(2) m is even and | X NV (GY)| > 2.

Although the next lemma is weaker than some of the main results, we state it for the
convenience of the induction hypothesis in the proof of Theorem 2.1(iv).

Lemma 2.5 Suppose Gy is m-fc and Gy is n-fc with n < 2. Then G1 K Gy is mn-fc.

Proof. It is trivial when n = 0. From now on, assume n = 1 or 2. Suppose X is a subset
of V(G1 K Gy) with | X| = mn.

Case 1. | X NV(GY)| < m for all v € V(Ga).
Subcase 1.1 | X NV (GY)| =m (mod 2) for each v € V(Ga).
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Then GY — X has a perfect matching as GG is m-fc, and hence the union of these perfect
matchings is a desired perfect matching.

Subcase 1.2. | X NV(GY)|=m+1 (mod 2) for some v € V(Ga).

When Gs is 1-fc, |V (G2)| is odd. By parity, there is a vertex in Go, say v, such that
|IXNV(G]°)] =m (mod 2). Then | X NV (G X (G2 —1vp))| (resp. | X NV (G1KG2)|) is even
if n =1 (resp. n = 2). Suppose {vivg,...,ve_1v} is a perfect matching of Gy — vy (resp.
G2) when n =1 (resp. n = 2).

Let T denote the set of vertices v; (1 < @ < 2t) satisfying [ X N V(G}")| = 1 (mod 2).
Clearly, |T'| is even. Let F be a minimum 7-join in Gy such that dp(vg) is as small as
possible if vy exists. By the definition of T-join, dF(v2i71)+dp(vgi)+|XﬂV(G§U2i’1’v2i})| =0
(mod 2) and dp(vg) +|XNV(G]?)| = m (mod 2) if vy exists. Here we construct a matching
M in G1 KG9 — X by considering edges of F' step by step, such that one and only one edge
joins V(GYV?) and V(GY’) if viv; € E(F)—{v1va, ..., va_1va:}. If such a matching M exists,
we have [(X UV(M))N V(Giv%*l’vm}ﬂ (i=1,2,...,t) is even and is at most 2m, and so
Giv%‘l’v”} — X — V(M) has a perfect matching M; by Theorem 2.2. For the vertex v,
G1° — X — V(M) has a perfect matching My because [(X UV (M))NV(G}°)| =m (mod 2)
and is less than m. Thus UE:O M; UM (resp. Ule M; U M) is a desired perfect matching
in Gi XGy — X when n =1 (resp. n = 2).

So we only need to prove the existence of M. If for every v;v; € E(F)—{viva, ..., va—102},
there is an edge connecting G7* and Gqu avoiding vertices in X and M constructed so far,
we are done. Suppose v;v; is the next edge we consider. By the minimality of F', M to-

gether with X cover no more than 2m vertices of Givi’vj}, e, | XN V(Givi’vj})\ +|V(M)N

V(Givi’vj}ﬂ < 2m. Therefore, it follows from the fact that |[V(Gy)| = m + 2, Gy is m-
connected and the definition of strong product that there is an edge between G{* —X —V (M)
and GY — X — V(M).

Case 2. | X NV(GY)| > m for some v € V(G2).

In this case, n = 2, because Case 1 implies that G; X Gy is m-fc when n = 1. By Lemma
2.3 and above proof, there is a perfect matching in Gy X Gy — X. |

3 Proofs of the Main Theorems

3.1 Proof of Theorem 2.2

Proof. Suppose V(K3) = {v1,v2}, and GXR K5 is not 2m-fc. Then, by Theorem 1.2, there
exists a set S C V(G X K3) with |S| > 2m such that

co(GR Ky — S) > |S| — 2m.

By parity, ¢,(GX Ko — S) > |S| — 2m + 2. Note that for any vertex u € V(G), the vertices
(u,v1) and (u,v2) have the same neighbors apart from each other and so they belong to
the same component, unless we delete at least one of them. Thus, each odd component of



G X Ky — S contains a vertex (u,v;) (i = 1,2) with (u,v3—;) € S. We call (u,v1) and (u,vs)
a full vertex pair.

Since there are at least |S|—2m+2 odd components, S contains at most m—1 full vertex
pairs, denoted by S1 = {(u1,v1), (u1,v2), (uz,v1), (u2,v2),...}. Then |[V(G")NS|<m—1
for i = 1,2. Moreover, since G is m-fc and thus m-connected, G**—S; (i = 1,2) is connected.
Hence G X Ky — S is connected. Let Sy =S — S1. We claim that (GX Ko — S1) — Ss (=
G X Ky — S) is connected, which yields a contradiction.

Claim. (GX Ky — S1) — S is connected.

Pick two vertices in (GX Ky — S1) — Sy arbitrarily. Suppose they are (z,v1) and (2, v9).
It is the same when x = 2’/ or v; = vy. Since G X Ky — S; is connected, there is a path
connecting the two vertices, say P = (z,v1)(21, s )(22,0i,) ... (2',v2). If P contains some
vertex (zj,v;;) € Sz, i; = 1,2, we know that (zj,v3—;) & S2, and (z;,v3—;;) is adjacent to
vertices (v;-1,v;;_,) and (741, vi;,,), ij41 = 1,2. So we can replace the vertex (z;,v;;) by
(75,v3-i;). It completes the proof. |

3.2 Proof of Theorem 2.1(iii)

Proof. We prove it by induction on m + n. When n = 0,1, 2, the statement holds by
Lemma 2.5. Assume it holds for smaller m 4+ n. By symmetry of m and n, we assume that
m,n > 3, and |V(Gs)| < 2n + 2.

Consider the strong product G1 X G2 of an m-fc graph G and an n-fc graph Gs. Let
X = {x1,...,Zmn} be an arbitrary set of vertices in G; K G3. We distinguish two cases
with respect to | X N V(GY)|.

Case 1. There exists a vertex v in G such that | X NV(GY)| = m.
By Lemma 2.3 and induction hypothesis, there is a perfect matching in G; X G, — X.
Case 2. For every vertex v in G, | X NV (GY)| <m — 1.

We only prove the subcase that both m and n are even. When m, n are odd or one of
them is odd, the proofs go along the same lines.

Since Gg is n-fc and §(G2) > n+ 1> W, by Dirac’s Theorem, GGo has a Hamilton
cycle. We can pick several paths in the cycle. Every path begins with a vertex v such that
[V(GY)N X| is odd and ends with another vertex v/ with |V (GY") N X| odd along the cycle.
Let P denote the spanning subgraph of G2 induced by the union of the edge sets of these
paths. Then for every vertex v with |V (GY) N X| odd, dp(v) is 1. For every vertex v with
|[V(GY) N X| even, dp(v) is O (i.e., it is not in any path) or 2 (i.e., it is in a path). So
dp(v) + | X NV(GY)| < m.

Next, construct a matching M of |E(P)| edges in G; X G2 — X such that one and
only one edge joins V(GY') and V(G}’) if v;v; € E(P) is the next edge to choose. Such
an edge exists, otherwise Givi’q}j b (X UV(M)) is disconnected. Since M constructed so

far together with X cover at most 2m — 2 vertices of Givi’”j }, and at most m — 1 pair
vertices like {(u, v;), (u,v;)}, then Gy is disconnected after deleting at most m — 1 vertices,
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a contradiction to the fact that G is m-connected by Theorem 1.1.

Then, for arbitrary v; € Ga, G — X — V(M) has a perfect matching M;, since G is
m-fe. So U™, M; U M, where 2t = |V (Gy)), is a perfect matching of Gy K Gy — X. 1

3.3 Proof of Theorem 2.1(iv)

Proof. Suppose G; is m-fc and G; is n-fc, and |V (G1)| = 2m + 3 and |V (G3)| > 2n + 3.
Let X be an arbitrary subset of V(G1 K Ga) with | X| = mn — min{[2]5, [3*]5}. If there is
a vertex v € V(Gz) (or u € V(G1)) such that |[ X NV(GY)| = m (or | X NV (GY)| = n), then
it is easy to apply induction and Lemma 2.3 to complete the proof as before. So assume
X NV(GY)| <m and | X NV(GY)| < n, for any v € V(G2),u € V(Gy).

Without loss of generality, we may assume m > n, and m is odd, n is even if m and
n have different parities. Thus, |X| = mn — [37”]2 Since Gy is n-fc, if n is even, it has a
perfect matching M (G2) = {viva,...,v9—1v2}; if n is odd, there is a vertex vy € V(G2)
such that | X NV(G7°)| = m (mod 2), | X NV(G]°)| < m — 2, and G2 — vy has a perfect
matching M (Ga —vg) = {v1ve, ..., vy—1v2:}. If | X N V(Giv%’l’v%})] =1 (mod 2) for some
i, put ¢ into Iy. Clearly, |Iy| is even as | X| (or | X — V(G7°)]) is even.

Claim. For each i € Iy, put either vg;_1 or vy; into T, and so |T'| = |Iy| is even. There

exists a minimum 7-join (7 is selected over all choices of {vo;_1,v9;}) F' of G2 such that if
dp(x) denotes the degree of x in F', then

(1) dp(vai—1) + dp(ve;) + 1 X N V(Givzi_l’UQi})| <2mfori=1,...,¢

(2) dp (v 1) + dp(va) + | X N V(G773 s even;

(3) dp(vi) + dr (v;) + | X N V(G < [V(Gy)| + m for viv; € B(Ga);

(4) if mn is odd, dp(vo) + | X NV (G7°)| is odd and no more than m.

We show the claim by constructing F' inductively. Set [ := Iy, F =0 and T = {vg;_1,7 €
I'} at first. Obviously, it satisfies conditions (1), (3) and (4). Starting with F' = (), we change
F step by step so that |I| decreases by two in each step. Suppose that some F' has been
constructed already. If I = (), we are done, i.e., F' is the T-join required. Otherwise, select
i0,jo € I, and set I := I\ {ig,jo}. We next show that there is a path P from wvy;,—;1 to
v2jo—1. Then, the symmetric difference of E(P) and E(F'), maybe after deletion of some
edges, is a new graph still satisfying (1), (3), (4), and at least two more indices in (2).

Obviously, the path cannot use any vertex of {vy;_1, vy} if dp(vei—1) + dp(ve) + | X N

V(Gimil’m})‘ > 2m — 1 unless we join this pair to another pair when this sum is odd, and
so precisely 2m—1. But as we shall see, it is all right when we use both vertices of {vy;_1, vy}

with 2m — 3 < dp(vg—1) + dp(vy) + X N V(Ginl_l’UQZ})| < 2m — 2. Similarly, the path
cannot use both vertices of {v;, v;} if dp(v;) +dp(vj) +|X N V(Givi’vj})] > |V(G1)|+m—3
and v;v; € E(Ga).

Set

A= {vgi_1,v9i | 2m — 1 < dp(vai1) + dp(ve:) + | X N V(GEH172) < 2m)



and
B = {Uz‘ | dF(UZ> + ’X N V(qujz)‘ >m+2—¢g,v; € V(GQ) — A},
where € = 1 if mn is odd; € = 0, otherwise.

Furthermore, when mn is odd, and if dp(vo) + | X NV (G7®)| = m, set A = AU{vp}. Let
|A| = 2a (resp. |A| =2a+1) if vg ¢ A (resp. vy € A) and |B| = b. We consider two cases.

Case 1. |A|+|B| <n—1.

Since G4 is n-fc, it is n-connected. So Go — A — B is connected. Thus, there is a path
from {v24y—1,v2i,} to {vaj,—1,v2j, } avoiding AU B. Suppose P uses both vertices of some d
vertex pairs {vg_1, vy} with 2m —3 < dp(vy_1) +dp(vy) 41X N V(Givzl_l’UQZ})] <2m—2.
Then these 2d vertices divide the path P into 2d + 1 segments. Delete the edge set of the
ond gth 24" segments of P. Simultaneously, if v, _1v2;, € E(P), replace vg;,_1 in
T by vaiy; if voj,v25,—1 € E(P), replace vgj,—1 in T' by vgj,. The smaller edge set E(P)
obtained still satisfies the conditions as before and the sum of the F-degrees of the vertices
v9;_1, U9 increases by two.

Consider the symmetric difference Fy of the edge sets E(P) and E(F). If Fy contains
an Eulerian graph, then delete its edges. Trivially, Fy defines a forest. Furthermore, Fj
remains acyclic if we add the edges vive,. .., v2:—1v9 by the minimality of 7T-join. We only
need to check (3) and (4) from now on.

For any v;u; € E(G2), if {v;, v;} € AUB, then nothing changed; if {v;, v; }N(AUB) =0,
then dp(v;) + dp(v;) + | X N V(Givi’q}j})] <2(m+2—¢) < |V(G1)| + m — 4, and hence,
diy (v7) + diy (v07) + [ X N V(G < V(G| +m — 4+ 4 < [V(G1)| + m; otherwise,
suppose {v;,v;} N (AU B) = {v;}, then we have dp(v;) + |X N V(G7")| < 2m by (1) and
dr(v;) +|X NV(G}?)| < m+2 — e by the choice of B, and hence dg, (v;) + dg, (v;) + | X N
V(G < oam+m+2—e+2 < [V(G1)| +m. So (3) still holds.

Suppose mn is odd. If vg € A, then nothing is changed; if vo ¢ A, since dp(vg) + | X N
V(G®)| = m (mod 2), then dg,(vo) + | X NV (G®)| < m —2+2=m and dg,(vo) + | X N
V(G}*)] = m (mod 2). In other words, (4) holds.

Case 2. |A| + |B| = n.

Assume first that vg ¢ A. Contracting each edge vo;—1v9; of Gy to a vertex w;, Gy is
transformed into a graph H on t + € vertices, and F' is transformed into F’. Note that
voi—1V2; ¢ E(F), so dp(w;) = dp(vai—1) + dp(ve). Set A" := {w; | {vai—1,v2i} C A},
B’ := {w; | voi—1 € Bor vy € B}. Then, dp(w;) > 2, for w; € A" U B’ because of the
definition of A" and B’, the construction of F and the fact that [X N V(G}")| <m — 1.

Let z denote the number of indices i such that | X N V(G%Wi_l’v%})\ is odd. Then, z <
mn — [%}]5 and the number of leaves in F” is at most z—2—3_, 4 | X N V(G?Qi’l’vg"}ﬂ
by the construction of F.

On the other hand, we have

Yweaup (dr(wi) —2)  (x)
> a(zm - 3) =+ b(m +1 - 5) - E’wiGA’UB’ |X N V(Givziihv%}”
= Q2a+bm—3a+b(1—2) = X, caup [X O VG,
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If 2a < m, then (x) > mn — [3], — Y weaup 1 X N V(Gi”z"_l’”i})\; otherwise, let 2a =

[0+ 2k]o (k > 1), then (¥) = mn — [2]s + (2m — 3)k — ¥, caup [X N V(GI212h)] o
contradiction (note that for any forest F' with at least one edge, the number of leaves is at
least 3 y(2)50,0er(d(z) — 2) +2).

If mn is odd, vg € A and 2a + b+ 1 > n, we derive the same contradiction similarly.

Contracting each edge vo;_1v9; of G2 to a vertex w;, G is transformed into a graph H
(vo is unchanged and named wg in H) of ¢ + 1 vertices and F is transformed into F’. Set
A= {’LUZ‘ | {’UQifl,’UQi} - A} U {’LU()}, B = {wi | voi_1 € B or vy; € B} Then dF/(wi) =2
for w; € A'UB’. Similarly, F’ has at most mn—[3]a =2 =3, c yup [X NV(GY")| leaves,
where G denotes G?Qi_l’v%} when ¢ # 0 or G}° when i = 0.

On the other hand, we have

Pwseaup (der(wi) —2)

a(2m —3)+(m—2)+bm -3, cpup [ XN V(GYY)]
(2a4+1+bm—3a—2— ZwieA’uB' I X NV (G|
mn = [Ba+2 =3, caup [ X OV(GY)],

VoWV

a contradiction and we complete the proof of Claim.

Now, we go back to the proof of Theorem 2.1 (iv). Our aim is to construct an edge set
M of |E(F)| independent edges in G1 X G — X step by step. For any edge v;v; € E(F)
(we take the edges one by one), find one and only one edge e between V(G}?) and V(G}?)
such that e is not covered by X and M constructed so far, and add e into M. Suppose
vvj € E(F) C E(G2) is the next edge. The vertex set X N V(G?“Uj}) together with the
chosen edges of M cover a set Y of no more than |V (G1)| 4+ m — 2 vertices by (3). If there
is a vertex u € V(G1) such that (u,v;), (u,v;) ¢ Y, then add the edge (u,v;)(u,v;) to M.
Otherwise, it follows from the fact |Y| < [V(G1)| + m — 2 that the set Yy of vertices u
such that both (u,v;), (u,v;) € Y have cardinality at most m — 2. Set Y; := V(G}*) =Y,
Yj :=V(G}’) - Y. Condition (1) and |V(G1)| = 2m + 3 imply Y; # 0 and Y; # (). Since G4
is m-fc and hence m-connected, then there is an edge ujuz € E(Gy) such that (u1,v;) € Y;
and (ug,vj) € Y;. Then add the edge (u1,v;)(u2,v;) to M. Proceed similarly for other edges
of F. Thus, by Claim, |X N V(Gim’l’w"})] +|V(M)N V(Giv”’l’vzi})] is even and at most
2m. Therefore, Giv%’l’”i} — (X UV/(M)) has a perfect matching M; as G; X Ky is 2m-fc,
G — (X UV(M)) has a perfect matching My (when mn is odd) and hence, M U |Ji_, M;
(or MU UE:O M;) is a desired perfect matching of G1 X Gy — X. This completes the proof
of Theorem 2.1(iv). ]

Lemma 3.1 Given a connected 0-fc graph G, then G X Ky is bicritical.

Proof. The proof is similar to that of Theorem 2.2. |

Theorem 3.2 Let Gy, Ga be two connected nontrivial graphs. If G1 is 0-fc, then G1 X Gq
1s bicritical.



Proof. Let X = {z1,z2} be an arbitrary subset of V(G1 X G2). There are two cases to
discuss.

Case 1. X C V(Giv’v/}), v’ € E(Ga).
By Lemma 3.1, Giv’v/} — X has a perfect matching My. Since Gy is O-fc, G} has a

perfect matching for any w € V(G2) — {v,v'}, and so the union of these perfect matchings
together with My is a perfect matching of G; X Gy — X.

Case 2. 11 € GY,x9 € GV ,vv' ¢ E(Go).

Suppose 1 = (u,v),z2 = (u/,v"). Since G2 is connected, there is a v-v’ path in Ga,
denoted by P := vjvs ... vk, where v; = v,v = v'. Moreover, as [ X NV (GY)| =0, GY — X
has a perfect matching for any v € V(G2) — {v1,...,vx}. So, if we can find a perfect
matching of H = Gy X P — X, we are done.

Subcase 2.1. k is even.

Set M* = {(u,v9;)(u,v2i11) | 1 <i < & —1}. It is easy to prove that |(X U V(M*)) N
V(Givzi_l’v%})] =2 for all 1 < i < £. Then, by Lemma 3.1, G?Qi_l’vm} — (X UV(M*)) has
a perfect matching M;. Hence, U§:1 M; U M* is a perfect matching of H.

Subcase 2.2. k is odd.

Suppose M(G7') is a perfect matching of Gy' and (u,v1)(u”,v1) € M(GJ'). Set
M* = {(u",v1)(u" v2)} U {(u,v2i-1)(u,ve;) | 2 < i < %} Similarly, |(X U V(M*)) N
V(G — 2 forall 1 < i < E5L, and then by Lemma 3.1, I} (X v (M)
has a perfect matching M;. If M(G7') = M(G1) denotes a perfect matching of G7*, then
UE M; UM(G') UM* — {(u,v1)(u”,v1)} is the desired perfect matching of H.

This completes the proof. |

3.4 Proof of Theorem 2.1(i)

Proof. If both G; and G2 are 0-fc (connected), it follows directly from Theorem 3.2 that
G1 X Gy is 2-fc. Next we consider when G is m-fc, m > 1 and |V (G1)| = 2m + 2.

We use induction on |V(G2)|. Let X be a subset of 2m + 2 vertices in G1 X Ga.

If |V (G2)| = 4, then P; C G, and there is a perfect matching in G1XPy— X, so is in G1X
G2 — X. Now suppose the assertion is true for smaller |V (G2)|. Since G is connected and
0-fc, we may assume that G has a perfect matching M (G2) = {viva,...,ve—1v3 }. Extend
it to a spanning tree T' of G5 and contract the edges vive, ..., vo:_1v9: of the matching.
Then T is transformed into a spanning tree of the contracted graph. Consider one of the
leaves, say the vertex obtained from the contraction of vivs, and vy has a neighbor in

{v3,v4,...,v2}, say v3. Let X3 C XN V(Givl’vz}), where | X1| = 2m if | X N V(G{vl’vﬁﬂ >
2m; | X1 =[] X N V(Givlﬂ&})”Q otherwise.
Case 1. | X1| =2m.

There exists a perfect matching M; in Givl’”} — X1. Note that we can always find a
matching M; such that the vertices in Gll’2 — X are matched with vertices not in X — Xj.
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Suppose there are edges z1y1, ..., xpyp € M, where x; € X — X3, y; ¢ X — X1, and y; € G*.
By the definition of strong product and 6(Ga) > m + 1, y; has at least m + 2 neighbors in
Gy for i =1,...,p. Since | X NV(G}®)| < 2 —p, we can find z,..., 2, € V(G}?) — X such
that y121,...,9p2p € E(G1 X Gy — X). Let Xo = X NV(G1 X (G — {v1,v2})). Then it is
obvious that | Xo U {z1,...,2p}| < 2m+2. Now G2 — {v1,v2} is 0-fc and connected. So, by
induction hypothesis, G1 X (G2 — {v1,v2}) is (2m+2)-fc, and there is a perfect matching Mo
in G; K (G — {v1,v2}) — (X2 U{z1,...,2,}). Let M| denote the set of edges of M; whose
both ends are covered by X. Then M; U My U {y121,...,Yp2p} — {Z1Y1, .., Tpyp} — M7 is
a perfect matching in G1 X Gy — X.

Case 2. | X1| < 2m.

If [ XN V(Givl’”}ﬂ is odd, we just have to choose an edge ab, where a € V(G}') — X
and b € V(G7?) — X. Clearly, Givl’”} — (X1 U {a}) has a perfect matching M;. Now the
graph Go — {v1, v} is still 0-fc and connected. Let Xo = X NV (G1 K (G2 — {v1,v2})), by
induction hypothesis, there is a perfect matching My in G; K (G2 — {v1,v2}) — (X2 U {b}),
and thus M; U My U {ab} is a perfect matching in G X Gy — X. If | X N Givl’v2}| is even,
there is a perfect matching M; in G?}l’vg} — X1. Moreover, by induction hypothesis, there
is a perfect matching My in G1 X (Gy — {v1,v2}) — X. So M; U My is a desired perfect
matching in G7 K Gs. |

An immediate corollary of Theorem 2.2 and Theorem 2.1(i) is the following.

Corollary 3.3 If Gy is m-fc with |V (G1)| = 2m and Go is 0-fc, then G1 X Gg is 2m-fe.

3.5 Proof of Theorem 2.1(ii)

Proof. Let X be an arbitrary subset of V(G X G3) with | X| =2m +4 — e, where e = 1
if m is odd; € = 0 otherwise. Here, we assume m > 1 and |V(G2)| > 5 first.

Case 1. There exists a vertex, say vy € V(G2), such that [ X NV(G°)| > 2 —e.

Without loss of generality, we may assume C1,...,C] are the components of Ga — v,
[ > 1. Clearly, C; has a perfect matching and | X NV (G1 X C;)| <2m+2 forall 1 <i <.
If X NV(G1®C;)] is odd, we can join an edge between G7° and G X C;. Call such an edge
set P. (It is possible that P = ().) Since every vertex in G° has at least 2(m + 2) neighbors
in each component, we can choose the endvertex of the edges of P in G{° freely so that
G1° — X — V(P) has a perfect matching My. Then |(X UV(P))NV(G1 X C;)| < 2m + 2
and is even. If |(X UV(P)) NV (G; K C;)| < 2m for each i, G1 X C; — (X UV(P)) has a
perfect matching M;, and therefore, Ué:o M; U P is a perfect matching in G; X Gy — X.
Assume | X NV(G1 K Cy)| = 2m + 1. Note that (X UV(P)) N V(G K C;)| < 2m for
all i # ig. If |V(Cy)| = 4, by Theorem 2.1 (i), G; K Cj, is (2m + 2)-fc, and hence
G1 X C;, — X — V(P) has a perfect matching. If |V(Cj,)| = 2, we can reselect vy from Cj,
such that |(X UV(P)) N V(G1 K C;)| < 2m for every component C; of Ga — vg. Therefore
Ui'zo M; U P is a perfect matching in G K Go — X.

Case 2. | XNV (GY)| <1—c¢forallve V(Gs).

It is easy to see that we only have to deal with the case of m even. So m > 2 and
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V(G1)| = 2m + 4.

By parity, there is at least one vertex, say vy € V(G2), satisfying | X NV(G{°)| = 0. Let
C4,...,C; be the components of G —vg (I > 1).

Subcase 2.1. |[V(Gi1RC)NX|<2m+2fori=1,...,1.

If I XNV(G1KC;)|is odd for 1 < i <, we can join an edge between G7° and G; X C;.
Call such an edge set P. (It is possible that P = ().) Since every vertex in G7° has at least
2(m+2) neighbors in each component, we can choose the endvertex of P in G7° freely so that
G1° — X —V(P) has a perfect matching M. Note that [(X UV (P))NV(G1KC;)| < 2m+2.
Moreover, if |V (G1XC;)N(XUV(P))| = 2m+2, then by assumption, |V (C;)| > 2m+2—-1 >
3 and |V(C;)| = 4 by parity. By Theorem 2.1(i) and Corollary 3.3, G1XC; — X has a perfect
matching M;. Thus, Ué:o M; U P is a perfect matching in G; X Go — X.

Subcase 2.2. There is a component C; such that |V (G K Cy) N X| > 2m + 3.

There is at most one vertex of X lying in some G1 X C; (i # 1). Let {vyva,. .., vox_1v2k}
be a perfect matching of G2 —vg. As in the proof of Theorem 2.1(iv), we have the following
Claim.

Claim. Let Iy denote the set of indices i with | X N V(G?Q"‘l’”i})\ =1 (mod 2). For
each i € Iy put ve;—1 or ve; into T'. There exists a minimum 7-join (7 is selected over all
choices of {v;_1,v2;}) F of Gy such that

(1) dp(vo) +|X NV(G7°)| is even and no more than m;

(2) Either there exists v; and vy such that dp(vy) + dp(ve) +|X N V(Gi”l’vg}ﬂ > 2m+2
and for i # 1, dp(v2i—1) + dp(va) + | X N V(Giwi_l’v%})! <m+2 < 2m; or dp(vi—1) +
dp(va) + | X N V(G212 < om for all 1 < i < k.

(3) For all 1 <i < k, dp(vai_1) + dp(va;) + | X N V(G212 = 0 (mod 2).

We show the claim by constructing F' inductively. Set I := Iy, F = 0 and T = {v9;_1,i €
I} at first. Obviously, it satisfies conditions (1) and (2). Starting with F' = (), we change
F step by step so that |I| decreases by two in each step. Suppose that some F' has been
constructed already. If I = (), we are done, i.e., F is the T-join required. Otherwise, select
i0,jo € I, and set I := I\ {ig,jo}. Let P be a path from va;,—1 to vaj,—1 in G2. Moreover,
if dp(vo) + | X NV (G]®)| = m, P must avoid vy; it is feasible because we can make sure
that vertices va;,—1, V2iy, V2j,—1, V25, lie in a connected component C7 of G2 — vg. Suppose
P uses both vertices of some d vertex pairs {vg;_1,v2;}. These 2d vertices divide the path
into 2d + 1 segments. Delete the edge set of 274 4 . 24" segments of P. At the same
time, if vo;,—1v2i, € E(P), replace vgj,—1 in T by va;; if voj,v2j,—1 € E(P), replace vgj,—1
in T' by vgj,. We then obtain a smaller edge set E(P). Consider the symmetric difference
Fy of E(P) and E(F). If Fy contains an Eulerian graph, then delete its edges. Moreover,
Fp remains acyclic if we add the edges vivs, ..., vor_1v9, by minimality of T-join.

Then the T-join F' we obtained satisfies (1) and (3). We only need to check (2).

If dp(v1) +dr(v2) + | X V(G| > 2m 42 and dp(vs) + dp(va) +| X NV (G| >
m~+4, then by construction of F', easy to show that there are (2m+2—1)+(m+4—1) > 2m-+4
in X, a contradiction. So, (2) is true, and this completes the proof of the above claim.
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Now assume dp(vy) + dp(ve) + X N V(Givl’m})\ > 2m + 2. It is not difficult to find a
vertex set X’ C V(Givl’m}) satisfying

(i) X NV(G]") C X'NV(G}) and |[(X' — X)NV(GY)| = dp(vi), for i = 1,2;

(ii) Givl’vz} — X’ has a perfect matchings.

As before, we construct a matching set M according to F'. During the construction,

when we take an edge with one endvertex in Givl’W}, we choose the endvertex from X’ — X

and pick an edge in F(G7 X G2 — X). It is possible because for any vertex (u,v;) € X', it
has at least (m + 2)dr(v;) > m + 1 neighbors in G1 K (G2 — {v1, va}).

Then Gi”"*l’v%} — X — V(M) has a perfect matching M; for 1 <i < k and G}° have a
perfect matching My. Thus Uf:o M; U M is a perfect matching in G; X G2 — X.

The case that dp(vei—1) + dp(ve;) + | X N V(Gi”i—lv”%})’ < 2m for every 1 < ¢ < k can
be dealt in the same way.

Next, we consider the remaining case that m > 3 and |V (G2)| = 3. Thus, G2 is K3 as
G is 1-fc. Let V(Gg) = {v1, v, v3}.

If there exists v;, say vy, such that | X N V(G7')| > m, then we can apply induction
hypothesis on |V (G2)| as in Lemma 2.4 and thus obtain a perfect matching of G1 K Gy — X.
So, suppose | X NV (GY)| < m for any v € V(G2). By parity, we may assume | X NV (G}")| =
m (mod 2), and thus, G{* — X has a perfect matching M;. So |X N V(Givz’v3})| < 2m,
and Givz’vg} — X has a perfect matching M. Hence, G; X G5 — X has a perfect matching
My U M. It completes the proof. |
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