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Abstract

Let R be the set of real numbers aBdbe a subset of the positive real numbers. @iseance graph G(R, D) is a graph with the
vertex setR and two verticex andy are adjacent if and only ik — y| € D. In this work, the vertex arbority (i.e., the minimum
number of subsets into which the vertex ¥&G) can be partitioned so thaach subset induces an acyclic subgraptG @R, D)
is determined foD being an interval between 1 add
(© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

ForagraptG = (V, E) and amapping: V(G) — {1, 2,...,k},letV, = {v € V(G)| f (v) = i}. Such amapping
is often referred to asle-coloring of G. Denote by(V;) the subgraph induced by; in G. Depending on the graphic
property enforced on eack ), we can define different coloringoncepts. For instance, if eahis an hdependent set
(1 <i <Kk), thenf is the well-knowrproper k-coloring. If eachV; induces a forest (i.e., each connected component
of V; is a tree), thenf is called ak-tree coloring. Clearly, every graph has a requirketoloring if the integek
is large enough. It is interesting to find the smallest possiblsuch tfat a graphG has a required-coloring. The
minimum integek suchthatG has a propek-coloring is called thehromatic number of G, often deoted byx (G).
The minimum numbek for which G has ak-tree coloring is called theertex arboricity and denoted bya(G). In
other words, the vertex arboricia(G) of a graphG is the minimum numbeof subsets into which the vertex set
V (G) can be patrtitioned into acyclic subgraphs. Cleayl¢G) > va(G) for any graphG.

The vertex arboricitwa(G) has been extensively studied. For instance, Kronk and Mitch@rprpved that
va(G) < fA(GT)HW for any graphG. Catlin and Lai R] improved the upper bound toa(G) < [@1
for a graphG being neither a cycle nor a cliquékrekovski p] proved that locly planar grgphs have vertex
arboricity <3 and that triangle-free locally planar graphs have vertex arborig®y Chartrand et al.1] proved
va(K(p1, p2, ..., pn)) = n — maxKk| Zé pi < n — k} for a canplete n-partite graphK (p1, p2, ..., pn), Where
Pp=01<pr<p2=<---=pn
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Given ay setD of positive real numbers, l&b(R, D) denote the graph whose vertices are all the points of the
real number lineR, such hat any two verticeg, y are adjacent if and only ifx — y| € D. This gaph iscalled a
distance graph and the seD is called thedistance set. Coloring problems on distance graphs are motivated by the
famous Hadwiger—Nelson coloring problem on the unit distance plane, which asks for the minimum number of colors
necessary to color the points of the Euclidean plane {f.65) = R?) such hat the pairs of points with unit distance
(i.e., D = {1}) are colaed differently. Thebest known result is & x (G(RZ, {1})) < 7 andno substantial progress
has been made on this problem for many years. Distanghgnaith an interval set were introduced and studied by
Eggleton et al. in 1985. 3], it was proved thaf (G(R, D)) = n + 2, whereD is an interval between 1 arédfor
1 <n < § <n+1. Recently distance graphs have been used to @escvarious phenomena from different scientific
disciplines, such as gene sequences, sequential series, on-line computing and so on.

In this note, we attempt to determine the vertex arboricity of distance gi@pRsD) with the distance seb
being an interval between 1 addWe shav thatva(G(R, D)) = n+2ifl<n<d§<n+ 1.

2. Vertex arboricity of G(R, D)

The basic idea for determining the vertex arboricity®fR, D) is to find a subgraph ofG(R, D) which has a
reldively simple structure but whose vertex arboricity equasG(R, D)). So, which subgraph o6 (R, D) is the
“core structure” responsible for its vertex arlwity? The answer is a coptete multipartite graphl (m, n), defined
below. SinceG(R, D) is an infinite graph, to find a finite subgraph as a framework for this infinite graph with the
same vertex arboricity is itself an interesting task.

Let G, Hy, Ho, ..., Hn be vertex-disjmt grgphs andV (G) = {v1, v2, ..., vm}. The composition of G with
H1, Ho, ..., Hm, denoted byG[H1, Ho, ..., Hyl, is thegraph wvith the vertex seU{“:lV(Hi) and the edge set
consisting ofuim:l E(Hi) and all edges between every vertexhif and every vertex o if vivj € E(G). The
completen-partite graphK [}, can be expressed & [Km, Km, ..., Km], whereK, is the complete gph of orden
andK, is an ind@endent set ai vertices.

Let T(m.n) = CompalKni2. KD o ... Kng2, KI5 Knpal, that is, Haiyp = Kny2(0 < i < m), Hy =
KN, ,(1 <i < m), andhaveG an odd cycleComy1. Itis clear thafT (m, 1) is Com1[K3, K3, ..., K3l andT (1, n)
is a conplete(n + 2)-partite grapmg‘jfzz.

We reed the following lemmas for our main result.

Lemma 2.1 (Eggleton et al. [3]). Let D be an interval between 1 and § and 1 < n < § < n + 1. Then
x(G(R,D)) =n+2

Lemma 2.2 (Chartrand et al. [1]). va(K (p1, P2, - - -, Pn)) = N — maxKk| Zé pi < n— Kk} for the complete n-partite
graph K(pg, P2, ..., pn)wherepp=0,1< pr < p2<--- < pn.

Itis clear that for each > 1, va(Kr’]‘+2) =nbylLemma?2.2
Now we presenthe main resulof this woik.

Theorem 2.3. Let D beaninterval between1and §,and 1 < n < § < n + 1. Then G(R, D) contains a subgraph
T(m, n) such that va(G(R, D)) = va(T (m, n)). Furthermore, va(G(R, D)) = n + 2.

Proof. The theorem follows from the following two claims.
Claim 1. G(R, D) contains a subgraph(m, n).
For 1< n < é§ < n+ 1, there exists an integen suchthatn + % <§=<n+ ﬁ We nstruct a subgraph
el
T(m, n) of G(R, D) for D € {[1, 5], (L, 8), (1, 8], [L &)} Lete = "% Then0< ¢ <

. o2 Define
vetticesu;j, wijk of G(R, D) by

1
(n+22m(m-1)"

UOijnL_'_Z, forO<j<n+1,
i , . .
Uij=a+8+]$, forl<i<m 0<j=<n+1,

wijk =K(1+¢e) +uj, forl<i<m 0<j<n+4+1 1l<k<n.
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Let
Ui = {uio, Uiz, ..., Uinyny} fori=0,1,...,m
and
W = UEZl{ink, Witk, ..., Win+pk} fori=1,2,....,m
Itis easy to see thal; and{wijok, wiik, - .., win+k} (1 <1 <m, 1 <k < n) are ndependent sets. Next, we show

that the newly defined set, W, (i =1, 2, ..., m) sdisfy the following properties:
(1) (Wh) 2 KJ 55 (2) (W UUj) 2 Kﬁizl (3) (Ui_1 UW) 2 KAt2: and findly (4) (Um U Uo) 2 K7Z,,.
Clearlyujp < Uj1 < -+ < Uj(n41) for0 <i < mandwiok < witk < -+ < wingpk forl <i <m, 1<k <n

The above four properties are verified below.

(1) we havau|o(k+1) —win+pk = K+ DA +¢) + L mteée— k(1+¢) — — m—&— (n+1)n+2 =1+ n+2 > 1 for
k—12 1|—12 ,m, a.ndU)|(n+]_)n U)|0]_—n(1+8)+ +8+(n+1)n+2_(1+5)___8_
(n—l)(1+s)+ Mle = (n—1)+(n iz)s <n+ X+ M+2e <sfori =12...,m Therdore
(W) 2 n+2for|_12

(2) In this casewior — Uin+1) = (1+s) + L mte—m—e— M+ =1+ 55 > Landwiniyn — Uio =
Nl+e)+L+e+n+1D55 - s_n(1+s)+ﬂj§s_n+(n+ﬂi§)s<n+m+(n+2)s<3for
i =1,2,...,m. Therdore (W U Uj K;‘Izlfom =1,2,.

(3) Similarly, we havewio1—U¢—1y(n+1) = (1+s)+m+s———s (n+1) niz =1+ ni2+ Lo 1fori=2...,m;
w101 — Uo(n+1) = (1+8)+%+8—(n+1)niz =1+ RISS-I—— > 1; Wi(n+Ln — UGi-1)0 = n(1+8)+ +ée+

N+ D)y — i%l—s—n(l—l—e)—i-l—i-ﬂi%e n+ & +(n+ﬂi§)s<n+m+(n+2)e<8for|_2,...,

m
)2

andwl(n+1)n—uoo—n(1+e)+ +8+(n+1)n+2 —n+%+(n+1+ %)e < n+%+(n+2)e < 4.
Thus(Ui_1 UW) D K,?izl fori=1,2,...,m.

(4) Sinceumo — Uon+1) = m + & — (nJrl)n—Jr2 =1+ 55 > landumniy —Uoo=m+e+ N+ 155 —-0=
1+ 1+ e < n+%+(n+2)g < 8, we have(Upy U Ug) 2 K2,

From (1)—(4), we conclude thdt; (0 <i < m)andW; (1 <i < m) form the graphl (m, n) in G(R, D).

Claim 2. For anypositiveintegersm andn, va(T (m, n)) = n + 2.

LetUi = V(H2i+1) (O <i <=m), W, = V(Hy) and(W; UU;) = G;(1 <i < m). First, we onstruct ann + 2)-
tree coloring ofT (m, n): let U; be colored O for O< i < mandUp, be colorech + 1. For 1< i < m, letn parts of
W be colored 12, ..., n, resgectively. It is not hard to verify that the given assignment is a tree colorifigof, n)
and sova(T(m, n)) <n-+ 2.

We show ngt thatva(T (m, n)) > n + 2. Otherwise,T (m, n) has a(n + 1)-tree coloringf. Let « be a color
assigned the most vertices, dayertices, inUg. Thenlg > 1; otherwise there are at least+ 2 colors appearing in
coloring f, a wntradiction.

We claim that the color would colorl; > 1 vertices inU;. Assume, to theantrary, thaix colors at most one
vertex inUy; then here are at most two vertices@y colored withe, so there a at kast(n+ 1)(n+2) — 2 renaining
vertices inG1 that induce a completén + 1)-partite graphK (n +1,n+1,n+ 2,...,n + 2). By Lemma 2.2we
have

valK(n+1L,n+1n+2....,.n+2)=n+1

Hence, there are at least+ 1 colors appearing inG; besidese and so there are at least+ 2 colors in f, a
contradiction. Thuse colorsl; > 1 vertices inU;. Similarly, we conclude thatx colorsl; > 1 vertices inU; for
1 < i < m. But thesdg vertices inUg andl;, vertices inUy, induce a subgraph containing a cycle, a contradiction
again.

Thus, we havea(T(m,n)) =n+ 2.

Sinceva(T (m, n)) < va(G(R, D)) < x(G(R, D)) =n+2byLemma 2.1T (m, n) is a tree chromatic subgraph
of G(R, D) for open intervaD and consequently for half-open and closed intervalsl
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