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Abstract For a graph G = (V, E), a subset S ⊆ V is a dominating set if every vertex in V is either in S or

is adjacent to a vertex in S. The domination number γ(G) of G is the minimum order of a dominating set in

G. A graph G is said to be domination vertex critical, if γ(G − v) < γ(G) for any vertex v in G. A graph G is

domination edge critical, if γ(G∪ e) < γ(G) for any edge e /∈ E(G). We call a graph G k-γ-vertex-critical (resp.

k-γ-edge-critical) if it is domination vertex critical (resp. domination edge critical) and γ(G) = k. Ananchuen

and Plummer posed the conjecture: Let G be a k-connected graph with the minimum degree at least k+1, where

k � 2 and k ≡ |V | (mod 2). If G is 3-γ-edge-critical and claw-free, then G is k-factor-critical. In this paper we

present a proof to this conjecture, and we also discuss the properties such as connectivity and bicriticality in

3-γ-vertex-critical claw-free graph.
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1 Introduction

Let G = (V, E) be a simple graph. A subset S ⊆ V is a dominating set of G if every vertex in V is
either in S or is adjacent to a vertex in S. If A and B are subsets of V , we say that A dominates B

if every vertex in B has a neighbor in A or is a vertex in A; we also say that B is dominated by A.
The domination number, γ(G), of G is the minimum cardinality of a dominating set in G. A graph G is
domination vertex critical, if γ(G − v) < γ(G) for every vertex v in G. In fact, if γ(G − v) < γ(G), then
γ(G− v) = γ(G)− 1. A graph G is domination edge critical if γ(G + e) < γ(G) for every edge e /∈ E(G).
We say a graph G is k-γ-vertex-critical (resp. k-γ-edge-critical) if it is domination vertex critical (resp.
domination edge critical) and γ(G) = k.

In this paper, we consider 3-γ-edge-critical graphs and 3-γ-vertex-critical graphs. The neighborhood of
a vertex v ∈ V is N(v) = {u ∈ V | uv ∈ E}, and the closed neighborhood is N [v] = N(v) ∪ {v}. A graph
G is called claw-free if it contains no induced subgraph isomorphic to K1,3.

A graph G is k-factor-critical if G−S has a perfect matching for every k-subset S of V (G). The cases
of k = 1, 2 are referred to as factor-critical and bicritical by Gallai and Lovász [11], respectively. A brick
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is a 3-connected bicritical graph. The factor-critical graphs are used as essential “building blocks” for
the so-called Gallai-Edmonds matching structure of general graphs, and bricks are studied by Lovász to
develop the brick-decomposition as a powerful tool to determine the dimension of matching lattice.

The following result was conjectured by Wojcicka [13] and was proved by Favaron et al. (cf. [8, 9, 12]).

Theorem 1.1. Every connected 3-γ-edge-critical graph with δ(G) � 2 has a hamiltonian cycle.

According to the above theorem, if |V | is odd, then G is factor-critical. For bicriticality and 3-factor-
criticality, Ananchuen and Plummer proved the following two theorems.

Theorem 1.2 [1]. Let G be a 2-connected 3-γ-edge-critical claw-free graph of even order. If δ(G) � 3,
then G is bicritical.

Theorem 1.3 [4]. Let G be a 3-connected 3-γ-edge-critical claw-free graph of odd order. If δ(G) � 4,
then G is 3-factor-critical.

They posed the following conjecture in [4] based on these two theorems.

Conjecture. Let G be a graph with δ(G) � k + 1 (k � 2) and k ≡ |V | (mod 2). If G is a k-connected
3-γ-edge-critical claw-free graph, then G is k-factor-critical.

This conjecture is correct for k = 2 (Theorem 1.2) and k = 3 (Theorem 1.3). Their proofs are very
involved and technical, they can not be extended to solve the general case of k. In this paper, we present
a proof of the conjecture. In particular, when k = 2, 3, the proofs are much shorter than the original
ones.

If {u, v, w} ⊂ V (G) and {u, v} dominates G−w, but uw /∈ E(G) and vw /∈ E(G), we use the notation
[u, v] → w.

The following lemma is obvious, but it is very handy in the proofs of results related to 3-γ-edge-critical
graphs.

Lemma 1.1. If u and v are two nonadjacent vertices in a 3-γ-edge-critical graph G, then there exists
a vertex z such that either [z, v] → u or [u, z] → v.

As a conclusion of this section, we present the characterization of 2-γ-vertex-critical graphs, which will
be used in the proof of the conjecture.

Theorem 1.4 [5]. A graph is 2-γ-vertex-critical if and only if it is isomorphic to K2n with a perfect
matching removed.

In the proof of the main theorems, we need the following characterization of k-factor-critical graphs
due to Yu and Favaron, independently. Here, we denote the numbers of components and odd components
in G − S by c(G − S) and o(G − S), respectively.

Theorem 1.5 [13, 6]. A graph G is k-factor-critical if and only if o(G−S) � |S|−k, for any S ⊆ V (G)
with |S| � k.

2 Proof of the conjecture

Now we proceed to the proof of Ananchuen and Plummer′s conjecture.

Proof of Conjecture. Suppose, to the contrary, that G is not k-factor-critical. By Theorem 1.5, there
exists a subset S ⊆ V (G) with |S| � k such that o(G−S) > |S|−k. By parity, o(G−S) � |S|−k+2 � 2.
Choose S to be a minimal set satisfying the condition o(G − S) � |S| − k + 2. If |S| � k + 1, by the
minimality of S, then it is easy to check that each vertex in S is adjacent to at least three odd components
of G − S, which contradicts the fact that G is claw-free. Hence, |S| = k, S is a minimum vertex cut
of G, every vertex in S is adjacent to all components of G − S. By claw-freedom, G − S has two odd
components, denoted by H1, H2; and G−S has no even components. Let S = {u1, . . . , uk}. Use NHi(u)
to denote the neighborhoods of u in Hi. Since S is a minimum vertex cut and G is claw-free, for any
vertex u in S, NHi(u) is nonnull and then is a clique. Since the minimum degree of G is at least k + 1,
|V (Hi)| � 3, for i = 1, 2.
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For the convenience of arguments, we introduce a new notion. For a vertex x ∈ V (Hi), if there exist
a vertex vx ∈ V (H3−i) and a vertex zx such that [vx, zx] → x, then we denote this relation in short by
vx → x and vx is called a reverse image of x.

Next we define the following property:
Pi: for any vertex x ∈ V (Hi), there exists a vertex vx in H3−i such that vx → x.
The main idea of this proof is to show the following statement:

Assertion. Neither property P1 nor property P2 holds in the graph G.

By the symmetry, we need only to consider one of them, say P2. Suppose, to the contrary, that the
property P2 does holds, i.e., for any vertex x ∈ V (H2), there exist a vertex vx ∈ V (H1) and a vertex zx

such that [vx, zx] → x.
If, for every vertex x ∈ V (H2), the corresponding vertex zx lies in V (H2), then H2 is 2-γ-vertex-critical.

By Theorem 1.4, |V (H2)| is even, this contradicts the fact that H2 is an odd component of G − S.
Then there exists a vertex x1 in V (H2), such that the corresponding vertex zx1 /∈ V (H2). Since

V (H2)−{x1} �= ∅, the vertex zx1 has to dominate H2−{x1}, zx1 ∈ S. Clearly, NH2(zx1) = V (H2)−{x1}
is a clique. Choose a vertex x2 ∈ V (H2) ∩ NG(x1). Since x2 is adjacent to every vertex of H2 − {x2},
zx2 ∈ S. Similarly, NH2(zx2) = V (H2) − {x2} is a clique. Therefore, H2 is complete.

Then for any vertex x ∈ V (H2), we have zx ∈ S and zx is adjacent to each vertex in V (H2) except x,
and distinct vertex x in H2 is associated with distinct vertex zx in S. Therefore, k = |S| � |V (H2)| (Note
that if k = 2 we already obtain a contradiction). Let V (H2) = {x1, x2, . . . , xr}, where r is odd. Without
loss of generality, assume, for any vertex xi, there exists a vertex vxi ∈ V (H1) such that [vxi , ui] → xi.

For i = 1, . . . , r, define

Si = {u ∈ S | NG(u) ∩ V (H2) = V (H2) − xi}.

Clearly, Si �= ∅, since ui ∈ Si. Let S′ = S − ⋃r
i=1 Si. For any vertex u in S′, define Du = {x ∈ V (H2) |

ux /∈ E(G)}.
Claim 2.1. If u ∈ Si, then every vertex in S − {u} is adjacent to either u or xi.

If not, let u′ ∈ S − {u}, choose x′
i ∈ NH2(u′). Then x′

iu
′, x′

ixi, x
′
iu ∈ E(G), but {u, xi, u

′} is an
independent set. So x′

i is the center of the claw induced by {x′
i, u, xi, u

′}, a contradiction.
As a consequence, Si is a clique.

Claim 2.2. If u ∈ S′ and |Du| � 2, then for any vertex xi ∈ V (H2) and w ∈ NH1(Si), then u is
adjacent to either xi or w.

If u is not adjacent to xi, by Claim 2.1, u dominates Si. Because |Du| � 2, we can choose a vertex
x′

i ∈ Du − {xi}. Then x′
i dominates Si, by claw-freedom, uw ∈ E(G).

Claim 2.3. For any u′
i ∈ Si and u′

j ∈ Sj (i �= j), if u′
iu

′
j ∈ E(G), then NH1(u′

i) = NH1(u′
j).

Because u′
iu

′
j ∈ E(G), u′

ixj ∈ E(G), but u′
jxj /∈ E(G), so for any vertex w ∈ NH1(u′

i), by claw-freedom,
wu′

j ∈ E(G), i.e., NH1(u′
i) ⊆ NH1(u′

j). Similarly, NH1(u′
j) ⊆ NH1(u′

i). Therefore, u′
i and u′

j have the
same neighborhoods in H1.

Claim 2.4. It is impossible that every vertex in S is adjacent to either xi ∈ V (H2) or w ∈ NH1(Si).

By contradiction, assume that the statement is false. Consider the graph G + wxi. From Lemma 1.1,
there exists a vertex z such that either [w, z] → xi or [z, xi] → w.

If [w, z] → xi, then zxi /∈ E(G) and z ∈ S. By assumption, z is adjacent to w. Since {w, z} dominates
G − {xi}, the vertex w is adjacent to each vertex of H1 − NH1(z). Together with the completeness of
NH1(z), it follows that w dominates H1. Since every vertex in S is adjacent to either w or xi, and xi

dominates H2, so it implies {w, xi} dominates G, a contradiction.
If [z, xi] → w, then zw /∈ E(G). Since xi is not adjacent to any vertex in Si, z has to dominate Si.

Assume w ∈ NH1(u′
i) for a vertex u′

i ∈ Si. Since NH1(u′
i) is a clique and zw /∈ E(G), z ∈ S. Since

zw /∈ E(G), by assumption, zxi ∈ E(G). We know zu′
i ∈ E(G), zxi ∈ E(G), by claw-freedom, for any

vertex z′ ∈ NH1(z), z′u′
i ∈ E(G). Therefore, NH1(z) ⊆ NH1(u′

i). The pair {z, xi} dominates G − {w},
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so z dominates H1 − {w}, and then u′
i dominates H1 and H1 is complete. By the assumption, {w, xi}

dominates G, a contradiction.

Claim 2.5.
⋂

u∈Si
NH1(u) = ∅ for every i, 1 � i � r.

Assume that
⋂

u∈Si
NH1(u) �= ∅ for some i, 1 � i � r. Let w ∈ ⋂

u∈Si
NH1(u), and let u′ be any vertex

in S. If u′ ∈ Si, of course u′w ∈ E(G). If u′ ∈ Sj (i �= j), by the definition of Sj, u′xi ∈ E(G). If u′ ∈ S′

and u′ is not adjacent to xi, then |Du′ | � 2, by Claim 2.2, u′w ∈ E(G). That is, every vertex in S is
adjacent to either xi or w, but this contradicts Claim 2.4.

From Claim 2.5, |Si| � 2 for every i, 1 � i � r. Consider degG(xi), as |S| = k and the minimum
degree of G is at least k + 1, therefore,

k + 1 � degG(xi) � (r − 1) + (k − 2),

or r � 5 (r is odd).

Claim 2.6. For any i �= j, and any vertex u ∈ Si, the vertex u does not dominate Sj, but it is adjacent
to Sj.

If u dominates Sj , by Claim 2.3,
⋂

u′∈Sj
NH1(u′) = NH1(u) �= ∅, which contradicts Claim 2.5. Then u

does not dominate Sj . By a similar argument, for every vertex v ∈ Sl (l �= i, j), v does not dominate Sj.
If u is not adjacent to any vertex in Sj , then uv ∈ E(G); otherwise, G contains a claw centered at xt for
some t, 1 � t � r and t /∈ {i, j, l}. Thus, u is adjacent to every vertex v in Sl, by Claim 2.3,

⋂

v∈Sl

NH1(v) = NH1(u) �= ∅,

which contradicts Claim 2.5.
From Claim 2.6, without loss of generality, assume that u1u2 /∈ E(G). Consider G + u1u2. By

Lemma 1.1, there exists a vertex z such that [u1, z] → u2 or [u2, z] → u1, without loss of generality,
assume [u2, z] → u1. Then u1z /∈ E(G). Since u2x2 /∈ E(G), z has to dominate x2 or zx2 ∈ E(G). So
z ∈ V (H2) ∪ S.

If z ∈ V (H2), then z = x1 (since u1z /∈ E(G)). Therefore, {x1, u2} dominates G − {u1} and then u2

dominates H1. By Claim 2.1, {u2, x2} dominates G, a contradiction.
Then we assume that z ∈ S. The vertex z is not adjacent to u1, by Claim 2.1, zx1 ∈ E(G). Suppose z is

adjacent to u2. Since zx2 ∈ E(G) and u2x2 /∈ E(G), by claw-freedom, NH1(z) ⊆ NH1(u2). Since {z, u2}
dominates G−{u1}, so u2 dominates H1 and then {u2, x2} dominates G, a contradiction. Therefore, z is
not adjacent to u2, and {u1, u2, z} is an independent set. Both u1 and u2 are adjacent to every vertex in
{x3, . . . , xr}, by claw-freedom, z is not adjacent to any vertex in {x3, . . . , xr}. Then z ∈ S′, by Claim 2.1,
z dominates S3 ∪ · · · ∪ Sr.

From Claim 2.6, u2 is adjacent to some vertex u′
3 ∈ S3, and then Claim 2.3 implies NH1(u2) = NH1(u′

3).
Since u′

3z ∈ E(G), u′
3x4 ∈ E(G), but zx4 /∈ E(G), by claw-freedom, NH1(u′

3) ⊆ NH1(z), so NH1(u2) ⊆
NH1(z). As {z, u2} dominates G − {u1}, z dominates H1.

If every vertex in S is adjacent to either z or x3, then {z, x3} dominates G, a contradiction. Therefore,
there exists a vertex z′ ∈ S such that NG(z′) ∩ {z, x3} = ∅, moreover, z′ ∈ S′. Thus x3 is adjacent to
at most k − 4 vertices in S, since x3 is not adjacent to any vertex in S3 ∪ {z, z′}. Since the degree of
x3 is at least k + 1, so k + 1 � deg(x3) � (k − 4) + (r − 1) or r � 7 (note that r is odd). Because x3

dominates S4 ∪ S5 ∪ S6 and z dominates S4 ∪ S5 ∪ S6, by claw-freedom, z′ is not adjacent to any vertex
in S4 ∪ S5 ∪ S6, by Claim 2.1, z′ is adjacent to every vertex in {x4, x5, x6}. By Claim 2.6, some vertex
u′

4 ∈ S4 and u′
5 ∈ S5 are not adjacent, then {u′

4, u
′
5, z

′} is an independent set and x6 is the center of the
claw induced by {x6, u

′
4, u

′
5, z

′}, a contradiction.
We complete the proof of the Assertion.
If there exists a vertex v ∈ V (H1) such that v is “reverse images” of all vertices in H2, i.e., v → x for

any vertex x ∈ V (H2), then the property P2 holds, a contradiction to Assertion.
Hence, for any vertex v ∈ V (H1), there exists a vertex xv ∈ V (H2) so that xv → v. In other words,

the property P1 holds, a contradiction again to Assertion.
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Therefore we complete the proof of Conjecture. �

Remark. Since every k-factor-critical graph is (k + 1)-edge connected and k-connected, the degree
condition and connectivity condition in the theorem are necessary.

3 Connectivity in three domination critical graph

For a vertex v ∈ V (G), we denote a minimum dominating set of G− v by Dv. The following facts about
Dv follow immediately from the definition of 3-γ-vertex-criticality and we shall use it frequently.

Facts. If G is a 3-γ-vertex-critical graph, then the followings hold:
(1) For any vertex v of G, |Dv| = 2;
(2) If Dv = {x, y}, then x and y are not adjacent to v;
(3) For every pair of distinct vertices v and w, Dv �= Dw.

Lemma 3.1 [10]. If G is a k-γ-vertex-critical graph (k � 2), then diam(G) � 2(k − 1).

By the above lemma, if G is a 3-γ-vertex-critical graph, then diam(G) � 4.

Lemma 3.2 [10]. A connected graph G with diameter four is 3-γ-vertex critical if and only if it has
two blocks, each of which is 2-γ-vertex critical.

Lemma 3.3 [10]. If there exist two vertices u and v in G such that NG[u] ⊆ NG[v], then G is not
k-γ-vertex-critical for any k.

Theorem 3.1 [2]. If G is a 3-γ-vertex-critical graph of even order, then G is 2-connected.

We enhance the above result to the 3-connectivity by further exploring the structure of 3-γ-vertex-
critical graphs.

Theorem 3.2. Let G be a 3-γ-vertex-critical graph of even order. If the minimum degree is at least
three, then G is 3-connected.

Proof. Suppose to the contrary that G is not 3-connected. From Theorem 3.1, G has a vertex cut
S with cardinality two. Let S = {v1, v2} be a 2-cut of G, and G1, G2, . . . , Gm be the components
of G − {v1, v2}. Since S is a inimum vertex cut, it follows that NGi(vj) �= ∅ for each j = 1, 2 and
i = 1, 2, . . . , m. Hence, δ(G) � 3 implies that |V (Gi)| � 2 for each component of G − S. Let

Ri = V (Gi) − NGi(v1) − NGi(v2).

Since G is 3-γ-vertex-critical, there exists an Ri such that Ri �= ∅; otherwise, S = {v1, v2} dominates G,
a contradiction. By Lemmas 3.1 and 3.2, diam(G) � 3 and so there exists only one Ri �= ∅. Assume that
R1 = ∅ and R2 �= ∅.

For any vertex w /∈ R2, Dw ∩ V (G2) �= ∅ since NG[R2] ⊆ V (G2). Because of V (G1) − {w} �= ∅,
then Dw ∩ (V (G1) ∪ {v1, v2}) �= ∅. From hereon we always assume that Dw = {w′, z′}, where w′ ∈
V (G1) ∪ {v1, v2} and z′ ∈ V (G2).

Let X = NG1(v1) ∩ NG1(v2).

Claim 3.1. Let w ∈ V (G1) and Dw = {w′, z′} be defined as the above. If w′ ∈ V (G1), then |R2| = 1,
say R2 = {z}. Thus z′ = z and w′ dominate V (G1) ∪ {v1, v2} − {w}. Moreover, w′ ∈ X.

If w′ ∈ V (G1), then w′ is not adjacent to any vertex of G2 and so z′ dominates V (G2), i.e., V (G2) ⊆
NG[z′]. By Lemma 3.3, z′ must be in R2 and |R2| = 1, say R2 = {z}, so z′ = z. Since z only dominates
V (G2), so w′ dominates V (G1) ∪ {v1, v2} − {w}. Clearly, w′v1 ∈ E(G), w′v2 ∈ E(G), and w′ ∈ X .

Case 1. X �= ∅.
For any vertex x ∈ X , by Fact (2), x′ /∈ {v1, v2} and so x′ ∈ V (G1). By Claim 3.1, R2 = {z},

z′ = z dominates V (G2) and x′ dominates V (G1)∪ {v1, v2}− {x}, moreover, x′ ∈ X . Therefore, G[X ] is
2-γ-vertex-critical. Let G[X ] be K|X| with a perfect matching F = {x1x2, x3x4, . . . , x2r−1x2r} removed
(see Theorem 1.4). Then every vertex x ∈ X dominates V (G1) − {x′}. Since {x2, z} dominate G − x1,
then G − S has only two components G1 and G2.
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Figure 1 X = V (G1) Figure 2 X �= V (G1)

Case 1.1. V (G1) = X .
If there exists a vertex w ∈ NG2(v1) ∩ NG2(v2), by Fact (2), Dw ∩ {v1, v2} = ∅. Then w′ ∈ V (G1)

and w′ dominates V (G1), contradicting to γ(G1) = 2, therefore, NG2(v1) ∩ NG2(v2) = ∅. For any
vertex w ∈ NG2(v1), by Fact (2), Dw ∩ {v1, z} = ∅. Since w′ has to dominate V (G1), and G1 is 2-γ-
vertex-critical, so w′ = v2. By Lemma 3.3, v1v2 /∈ E(G). Then Dw ∩ V (G2) has to dominate v1, i.e.,
Dw∩V (G2) ∈ NG2(v1). Therefore, NG2(v1) is 2-γ-vertex-critical. Similarly, NG2(v2) is 2-γ-vertex-critical.
By Theorem 1.4, |V (G)| is odd, a contradiction (see Figure 1).

Case 1.2. V (G1) �= X .
Assume that NG1(v1)−X �= ∅. Let a ∈ NG1(v1)−X . Consider Da, by Fact (2), Da ∩ (X ∪ {v1}) = ∅.

By Claim 3.1, v2 ∈ Da and v2 dominates G1 − a, thus NG1(v1) − X = {a}. Consider Dv1 , by Fact (2),
Dv1 ∩ NG1(v1) = ∅. Since Dv1 dominates a, then Dv1 ∩ (NG1(v2) − X) �= ∅. Similarly, NG1(v2) − X

contains only one vertex, say b. For any vertex w ∈ V (G2)−{z}, Dw ∩ (V (G1)∪ S) has to dominate G1

and thus Dw ∩ {v1, v2} = ∅. So we have a ∈ Dw or b ∈ Dw. Therefore, Dw ∩ V (G2) has to dominate v1

or v2, i.e., Dw ∩ (V (G2) − {z}) �= ∅. Thus, G2 − z is 2-γ-vertex-critical. By Theorem 1.4, |V (G)| is odd,
a contradiction (see Figure 2).

Case 2. X = ∅.
If |V (G1)| = 2, say V (G1) = {u′, v′}, then degG(u′) = degG(v′) = 2, a contradiction. Then assume

|V (G1)| � 3. Without loss of generality, let |NG1(v1)| � 2. Suppose x, y ∈ NG1(v1), consider Dx, by Fact
(2), v1 /∈ Dx. Since v2y /∈ E(G), then v2 /∈ Dx. Therefore, Dx ∩ V (G1) �= ∅, by Claim 3.1, Dz ∩X �= ∅, a
contradiction.

We complete the proof of Theorem 3.2. �

A graph G is almost claw-free (ACF for short) if G is locally 2-dominated and the set of all centers of
induced claws is independent. For two nonadjacent vertices u and v in G, let

J(u, v) = {w ∈ N(u) ∩ N(v) | N [w] ⊆ N [u] ∪ N [v]}.
The vertices of J(u, v) are called the dominators of the pair {u, v}.

A graph G is quasi-claw-free (QCF for short) if each pair of vertices {u, v} at distance two satisfies the
condition J(u, v) �= ∅. In particular, every claw-free graph is quasi-claw-free.

A claw 〈{v; v1, v2, v3}〉 is said to be dominated if

J(v1, v2) ∪ J(v2, v3) ∪ J(v1, v3) �= ∅.
A graph G is dominated claw toes, or a DCT-graph for short, if every claw in G is dominated. Clearly,
QCF ⊂ DCT and also ACF ⊂ DCT.

The following theorem is proved in [7], here we present a short proof.

Theorem 3.3. Let G be a (k + 1)-connected DCT-graph, and |V | ≡ k (mod 2). Then G is k-factor-
critical.
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Proof. Suppose to the contrary that G is not k-factor-critical. Then there exists a minimal subset S

with |S| � k such that o(G − S) > |S| − k, by parity, o(G− S) � |S| − k + 2 � 2. So S is a vertex cut of
G. Since G is (k + 1)-connected, then |S| � k + 1 and o(G − S) � |S| − k + 2 � 3. By the minimality of
S, every vertex in S is adjacent to at least three odd components of G−S. Let 〈{v; v1, v2, v3}〉 be a claw
with claw center v ∈ S and vi ∈ V (Ci). Clearly, J(v1, v2) = ∅, J(v2, v3) = ∅, J(v1, v3) = ∅. Therefore,
J(v1, v2) ∪ J(v2, v3) ∪ J(v1, v3) = ∅, a contradiction. Therefore, G is k-factor-critical. �

In [3], Ananchuen and Plummer obtained the following result.

Theorem 3.4. Let G be a connected 3-γ-vertex-critical claw-free graph of even order. Then G is
bicritical.

Combining Theorems 3.2 and 3.3, we can generalize Theorem 3.4 slightly to the following

Theorem 3.5. Let G be a 3-γ-vertex-critical DCT-graph of even order. If the minimum degree is at
least three, then G is a brick.
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