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Abstract A (0,g)-cage is a d-regular graph with girth g and with the least possible number of
vertices. In this paper, we show that all (4, g)-cages with odd girth g > 9 are r-connected, where
(r—1)2 <8++6—2 < r? and all (§,g)-cages with even girth g > 10 are r-connected, where r is the

r(r—1)>2
4

largest integer satisfying + 14 2r(r —1) < 4. Those results support a conjecture of Fu, Huang

and Rodger that all (4, g)-cages are §-connected.
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1 Introduction

In this paper, we only consider simple graphs. Let G = (V, E) be a graph with vertex set V(G)
and edge set F(G) and Ng(v) denotes the neighborhood of a vertex v in G. If S C V|, then the
subgraph of G induced by S is denoted by G[S]. For u,v € V, dg(u,v) denotes the distance
between w and v in G. For S, W C V, define dg(S, W) = min{dg(s,w) | s € S,w € W}. By
deleting a vertex u from a graph GG, we mean to delete the vertex u from G together with all
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the edges incident with u. By connecting two vertices we mean to join the two vertices by an
edge.

A k-connected graph G is called k-superconnected if every k-vertex cutset S C V(G) is a
trivial cut set. The k-edge-superconnectivity is defined similarly.

The structures and properties of graphs are often studied through its essential parameters,
such as degree, order, girth, circumference, diameter and others. One approach of such in-
vestigations is to focus on two or three of its parameters at a time, for instance, Sohn et al.
[1] characterized all regular planar graphs with diameter two and Miller (see [2]) studied the
extremal properties of graphs with fixed degree and diameter. Another famous example is cages
introduced by Tutte in 1947, which is a family of extremal graphs with fixed degree and girth.

The girth g = g(G) is the length of a shortest cycle in G. A (6, g)-graph is a regular graph
of degree 0 and girth g. Let f(d,g) denote the smallest integer v such that there exists a
(0, g)-graph having v vertices. A (4, g)-cage is a (4, g)-graph with f(d, g) vertices.

Cages have been extensively studied (see survey [3] for more information). In this paper, we
concentrate on the vertex-connectivity of cages. Fu, Huang and Rodger [4] proved that all cages
are 2-connected, and then subsequently showed that all cubic cages are 3-connected. They then
conjectured that (9, g)-cages are d-connected. Daven and Rodger [5], and independently Jiang
and Mubayi [6], proved that all (4, g)-cages are 3-connected for § > 3. In [7, 8], it has been

shown that every (4, g)-cage is 4-connected.

Recently, the following two results were obtained.

Theorem 1 (Lin, Miller and Balbuena [9]) Let G be a (8, g)-cage with § > 3 and odd girth
g > 7. Then G is r-connected with r > v/ + 1.

Theorem 2 (Lin et al. [10]) Let G be a (0, g)-cage with § > 4 and even girth g > 10. Then
G is (r + 1)-connected, where 1 is the largest integer satisfying r> + 2r? < 4.

In this paper, we improve the bound of 7 in Theorem 1 to v/ 8 +v/d — 2 when ¢ is odd.
For even girth g, we show that (4, g)-cage is (r + 1)-connected, where r is the largest integer
satisfying $7° + 3r2 — Ir +1 < 6.

2 Known Results

We often use the following theorems and lemmas.

Monotonicity Theorem. ([4, 11]) If 6 > 3 and 3 < g1 < g2, then f(4,91) < (3, g2).

Lemma 3 ([12-16]) Let G be a graph with girth g, and minimum degree §. Assume that S
is a cutset with cardinality |S| < § — 1. Then, for any connected component C in G — S, there
exists a vertex © € V(C) such that d(z,S) > |(g —1)/2].

Theorem 4 ([17, 18]) Every (4, g)-cage is §-edge-connected.
Theorem 5 ([19, 20]) Every (9, g)-cage is edge-superconnected.

Lemma 6 Let H be a bipartite graph with bipartition (U, W), where |U| = |W| = m. Suppose
that d(v) < 1 for each v € W and the mazimum degree of H is at most m — 1. Denote
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H* = (U*,W*) as a copy of H. Then there exist two one-to-one mappings f : W — U* and
f*:W*— U such that no 4-cycle created in the graph HU H* U E(f) U E(f*).

Figure 1 Illustration of the construction

Proof. Since each vertex v € W is of degree at most one and the maximum degree in H is
at most m — 1, we may partition H into t vertex disjoint subgraphs H;, Ho, ..., H; such that
no edge e € E(H;,H;) in H, where t > 2 and ¢ # j. Moreover, assume H; = (U;, W;)
such that |U;| = |W;| and there is at most one vertex in U; of degree at least one. De-
note U; = {uj1, wiz, -+ and W; = {w;1, wse, -} Without loss of generality, assume that
u;1 is the only vertex of degree at least one in U; and dg,(w;1) > dp,(wge) > -+, Let
E(f) = {wnudy, warudy, . ., W1 Uy, W12Ulq, W1sUls, - . -, W2l g, Winsls, ...} and E(f*) =
{wiur1, wisuga, ..., Whito1, Whgtaa, ..., W Um1, W oUme, ... }. Tt is clear that no 4-cycles cre-
ated in graph HUE(f)UE(f*) (see Figure 1 for illustration, the edges joining the two vertices

signed with the same number are omitted). O

3 Main Results

To prove the main results, we adopt the same approaches as in [9, 10] and refine the techniques
to get the improvements on connectivity. The idea is to use two copies of a suitable subgraph
from a (4, g)-cage to construct a (9, ¢’)-graph with ¢’ > ¢ but having less vertices than the
original graph and thus contradicting to the definition of cages. Throughout the paper, notion

z* denotes the copy of z, where x could be a single vertex, a set of vertices or a subgraph.

Theorem 7 Let G be a (4, g)-cage with 6 > 3 and odd girth g > 9. Then G is r-connected,
where (r —1)2 < §+6 —2 <12,

Proof. Since every (9, g)-cage with 6 > 3 is 3-connected, the theorem holds for § < 8. So we
may assume 0 > 9. We reason by contradiction. Assume that there exists a cutset of order
less than r. Let S = {s1,...,s5} be a cutset with |S| = k < r and C be one of the smallest
components of G — S. Without loss of generality, assume that |C| is minimized among all
cutsets of cardinality at most » — 1. Now we partition S into two subsets S; and S5, where
S1={s|dc(s) > k+1} and Sy = {s | de(s) < k}. Let |S1| = m and |Sz| = k — m. By the
choice of S, we may assume |[N¢(S2)| > |Sz| and |N¢(s)| > 2 for all s € S,.
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We consider two cases according to the cardinality of S7.
Case 1. |S1|=m >1

Without loss of generality, assume that S; = {s1,...s,} and Sy = {spm+1,...,5k}. Let
S’ =51 UNg(S2). Then

1S = |81+ [Nc(S2)]|
< 1S+ [E(Ne(S2), 52)]
< m+(k—m)k
< m+(r—-1-m)(r—1)

m+8+Vo—2—-m(\/§+V5—2-1)
-1 +@m—1)+V6—m\[§+V6-2

Ifm=1,then |[S| < (6§ —1)+14+V6 - Vé+V6—2< §asd > 9. Furthermore, |S’|
is an integer, so |S’| < § — 1. If m > 2, then |S'| < (0 — 1)+ (2m — 1) — (m — 1)V/§ <
G-1)+2m-1)—-3(m—-1)=(00—-1)4+(2—m) < (6 —1). Thus |S’| is smaller than ¢ and
note that S’ is also a cutset.

By Lemma 3, there exists a vertex v € C such that d(v,S") > (¢ — 1)/2. Let N(v) =
{v1...,vs}. Note that there are at most m paths of length (¢9—3)/2 from N (v) to S;. Otherwise,
by Pigeonhole Principle, there are two vertices v;, v; from N (v) at distance (g—3)/2 to a vertex

IN

s € 8, a cycle of length less than g is formed by two paths from v to s via v; and vj, respectively,
which is a contradiction. Thus we may assume that d({vmm+t1,...,0s},51) > (¢g—1)/2. Following
the same arguments, we see that there are at most k paths of length less than (g — 3)/2 from
N(v;) —v to S for each ¢ = 1,...,m. Hence there are at least 6 — k — 1 vertices, denoted by Tj,
in N(v;) —v such that d(T;,S) > (g —1)/2, fori=1,...,m.

18] = 181] + INe(S2)] < [S1] + [E(Ne(S2), S2)| <8 — 1, 50 [No(S2)] < |[E(Ne(S2), 82| <
d —m — 1, and there are at most |[N¢(S2)| paths of length at most (¢ — 3)/2 from N(v) to
N¢(S2). Now we may choose a subset L C {vp41,...,0s5} such that |L| = [Ne(S2)|, and the
set {Umy1,...,vs} — L is at distance at least (g —1)/2 to N¢(S2). For each v; € L, there are at
most |L| — 1 paths of length at most (g — 3)/2 from v; to N¢(S2), otherwise a cycle of length
less than g is formed since No(s) > 2 for all s € S.

d(v,8") > (9 —1)/2, s0 d(L, Nc(S2)) > (g — 3)/2. Then we construct a bipartite graph B
with bipartition (L, N¢(S2)) such that an edge st € E(B) if and only if do(s,t) = (9 — 3)/2,
where s € L and t € N¢o(S2). Clearly, B satisfies the conditions in Lemma 6. Thus there exist
two one-to-one mappings f : No(S2) — L* and f* : No«(S5) — L such that no 4-cycle appears
in graph BU B* U E(f) U E(f*).

Consider the subgraph G; = G[(C —{v,v1,...,vm}) US| — E(G[S1]) and take another copy
of the subgraph Gy, denote it by G5. We construct a §-regular graph G’ with girth at least g by
using G; and G3. The order of the new graph G’ is 2|V (G1)| = 2(|]V(C)| — 1) < |[V(G)|. Thus
we construct a (4, ¢')-graph with ¢’ > g and |V(G’)| < |[V(G)|. By Monotonicity Theorem, this

contradicts to the assumption that G is a (4, g)-cage. The construction is given below.
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(a) For each vertex s; € S1, i =1,...,m, do(s;) > k+ 1, and T; in G; contains at least
§ — k — 1 vertices at distance at least (g — 1)/2 to Sy, thus we connect s; with dgjg—c)(si)
distinct vertices in T7*. Similarly, we make the corresponding connections between the vertex
s7 and T;.

After the operation is carried out in (a), for each i = 1,...,m, dgjg—c)(s:) vertices of

N(v;) — v (respectively, N (v;

*) — v*) are of degree 0 and the remaining are of degree ¢ — 1.

(b) Connect each vertex in No(S2) to a vertex in L*, and connect each vertex in No(S5) to a
vertex in L according to the two one-to-one mappings f and f* given in the graph BUB*. After
this operation, all the vertices in L U L* are of degree §, but some vertices in No(S2) U Ne(S3)
might be of degree less than 6. Since |N¢(S2)| < |E(S2, No(S2))] < § —m — 1, so we can
connect such a vertex u € N¢(S2) with ds, (u) — 1 distinct vertices in {v};,,,...,v;} — L* such
that all vertices in N¢(S2) are of degree ¢ and all vertices in {v},,1,...,v5} — L* are of degree
§ or 6 — 1. Similarly, we make the corresponding connections between the vertices in Ne«(S5)

and {vm41,...,05} — L.

(c) After the operations are carried out in (a) and (b), all the vertices are of degree § or
0 — 1. To obtain a J-regular graph, we connect the vertices of degree 6 — 1 in GG; with the
corresponding vertices in G, and connect each pair of matched vertices by an edge.

Thus we have constructed a new graph G’ that is d-regular (see Figure 2). Next, taking
g > 7 into account, we show that the girth of G’ is at least g.

Figure 2 [Illustration of the construction

Clearly, we only need to show this for any new cycle, say C, which is introduced in the
construction. All new cycles have to use at least two new edges, so we consider the following

six cases.
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e If C goes through two edges in (a), then the cycle C is of length at least (9 —2)+2 > ¢
or(g—1)/24(g—1)/24+2>gor(g—4)+2+2=g.

e If C goes through two edges in (b), and the two edges in G’ are correspond to E(f) or
E(f*), then C is of length at least g, since no 4-cycles created in graph BU B* U E(f) U
E(f*). Otherwise C is also of length at least (¢g—2)+2=gor (¢g—1)/2+(9—3)/2+2=g,
since d({v}, 1 1,.-.,v5} — L*,No(S2)) > (g —1)/2.

o If C goes through two edges in (c), then C is of length at least 2(g — 4) +2 > g.

e If C goes through one edge in (a) and one edge in (b), then C is of length at least (g —
3)+2+1=gor(g—1)/24+24+(9-3)/2=4g.

e If C goes through one edge in (a) and one edge in (c), then C is of length at least (g —
4)+2+(g—-5)/2>g.

e If C goes through one edge in (b) and one edge in (c¢), then C is of length at least (g —
3)+2+(g—-5)/2>g.

Case 2. |S1|=m =0.

Then de(s;) < k for 1 <4 < k. Now we partition Sy into two subsets S3 and Sy, where
Sz ={s|dc(s) =k} and Sy = {s | do(s) <k —1}. Then |S3| > 2. Otherwise, since § > 9, we

have

|E(S,Nc(S))| < k+(k-1)(k-1)
< (r=D+(r—-2)7?
= (r—172%-r+2
< d+VE—2—-\o+Vi-2+2
= 0+Vo—\o+Vi-2
< 0

But we know E(S, N¢(S)) is an edge-cut of G, which is a contradiction to Lemma 5. Now
let Rl = {81752} - Sg and R2 =5- Rl. Note that

|R, U N¢(Ry)| |R1| + |Nc(Ro)|

|Ri| + |E(R2, No(Rz2))|
2+ k(k —2)

24 (r—1)(r—3)

(r—1)2—2r+4

S+Vi—2—-2\/6+V5—2+4
§+2—1\/6+V5—2

0—1.

A

INIA

IN

A
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The last inequality is due to the assumption é > 9 and the condition that |R; U N¢(R2)] is
an integer. Thus by Lemma 3, there exists a vertex v € V(C) such that d(v, R U N¢(R2)) >
(g—1)/2. From N (v), we can find two vertices v; and vq such that there are at most k—1 paths
of length less than (g — 1)/2 from N(v;) — v to S, i = 1,2. If two such vertices do not exist, it
implies that there are at least (§ — 1)k paths of length less than (g —1)/2 from U_; (N (v;) —v)
to S. Note that (6 — 1)k > (r — 1)k > k? and |E(S, Nc(S))| < k?, which implies a cycle of
length less than g.

From N¢(v1) and Ne(vs), we can find two sets T C Ne(v1) and T € N (v2) such that
d(T;,S) > (g — 1)/2, where |T;| = § — k and ¢ = 1,2. Also there are at most two paths
of length less than (¢ — 1)/2 from N(v) to R;. We may assume d(v;, R1) > (g — 1)/2 for
5 <4 < §. Moreover, |Rz| < |[N¢(R2)| < |E(Nc(R2), R2)| < 6 —4. We may choose a subset
L C{vs,...,vs} such that |L| = [Nc(Rz)| and for each v; € L, there are at most |L| — 1 paths
of length at most (g — 3)/2 from v; to No(R2).

We construct a bipartite graph B with bipartition (L, No(R2)) such that st € E(B) if and
only if do(s,t) = (9 — 3)/2, where s € L and t € N¢(Rz). Clearly, B satisfies the conditions in
Lemma 6. Thus there exist two one-to-one mappings f : No(Rg) — L* and f* : No(R5) — L
such that no 4-cycle created in graph BU B* U E(f) U E(f*).

Consider the subgraph G; = G[(C — {v,v1,v2}) U R1] — E(G[R;]) and take another copy
of the subgraph G, denote it by G7. Similar to the proof in Case 1, we construct a d-regular
graph G’ with girth at least g by using G; and G7.

(a) For i = 1,2, each vertex s; € Ry connects to dg_c(s;) distinct vertices in T;*. Similarly,
we make the corresponding connections between the vertices in R} and 77 U T5.
After the operation is carried out in (a), for each ¢ = 1,2, dg_c(s;) vertices of N(v;) —v

(respectively, N (v) — v*) are of degree ¢ and the remaining are of degree § — 1.

(b) Connect each vertex in No(Rz) to a vertex in L*, and connect each vertex in N (R3)
to a vertex in L according to the two one-to-one mappings f and f* given in the graph BU B*.
After this operation, all vertices in LUL* are of degree ¢, but some vertices in No(R2)UNe+(R3)
might be of degree less than §. Since |[No(Rz2)| < |E(Rg, No(Rz))| < 6 — 4, so we can connect
a vertex in N¢(Rz) to the vertices in {v},...,v5} — L* such that all vertices in No(Rs) are of
degree §. Similarly, we make the corresponding connections between the vertices in Ne»(R3)
and {vg,...,v5} — L.

(c) After the operations are carried out in (a) and (b), all vertices are of degree § or §—1. To
obtain a d-regular graph, we connect the vertices of degree § — 1 in G; with the corresponding

vertices in G7, and connect each pair of matched vertices by an edge.

Thus we have constructed a new d-regular graph G’. Verifying the girth of G’ can be done
in the same fashion as in Case 1.
O

Theorem 8 Let G be a (8,9)-cage with § > 4 and even girth g > 10. Then G is (r + 1)-
2
connected, where r is the largest integer such that # +1+4+2r(r—1)<4.
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Proof. In [7], (8, g)-cages with g > 10 are showed to be 4-connected. Thus if 6 < 16, the
theorem holds. So assume r > 4 and § > 17. Suppose, to the contrary, x(G) < r + 1. Then
G has a cutset S = {s1,...,s,} with k < r. Let C be a smallest component of G — S and let
G1 = G[V(C)US] — E(G[S)).

Now we partition the set S into three subsets (see Figure 3).

s!
i X !

r < degree |
Yo

r+1< degree 5‘.r><+r—>d‘
z |

‘
rx+r-x+1= degree
|

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3 Illustration of the construction
X ={ul]dg,(u) <ruesS},
Y={u|r+1<dg,(u)<rz+r—zucS}

Z=Auldg (u)>re+r—z+1,ue S}

where | X| ==z, |Y|=yand |Z] = z. Thusr > k= |X|+|Y|+|Z] =2z + y + 2. By Lemma 5,
it follows |Z| > 1, otherwise, E(N(S), S) is an edge-cut and |E(N(S),S)| < rz+ (r —x)(rz +
r—az)=(r* —r)z+ (1 —r)z® + r? < §, a contradiction to Theorem 5.

Based on this partition, we conclude:

IN(X)NV(C)| < ra,
INY)YNV(O)| <ylzr+r—x),

INX)NV(C)UY UZ|<ar+r—x <7’

Let F = (N(X)NV(C))UY UZ. Obviously, the set F' is also a vertex-cut whose cardinality
is less than §. Instead of considering the vertex-cut S, we focus on this new vertex-cut F' in the
rest of the proof.

By Lemma 3, there exists a vertex u € C such that the distance from u to F is at least g/2—1.
Let W stand for the set of edges of the subgraph induced by YUZ, that is, W = E(G[Y UZ]). Tt

is easy to see that there are at most y(zr+r —x) vertices in N (u) which are at distance g/2—1
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or g/2—2to Y in the graph G; — W, because all shortest paths in Gy — W of length g/2 — 1
or g/2 — 2 from vertices in N(u) to vertices in Y must go via the vertices in N(Y) N V(C).
As INY)NV(C)| < y(zr +r — x), there are at most y(zr + r — ) disjoint paths of length
g/2—1or g/2—2 from N(u) to Y. Otherwise, by the Pigeonhole Principle, there exists a cycle
of length less than ¢ in the graph, which goes through u, two distinct vertices in N (u), and a
vertex in N(Y) N V(C), a contradiction.

Since |[F =Y | = |N(X)NV(C)UZ| < rz+z = rz+r—x—y, using the arguments as in the
previous cases, we see that among the vertices left, at least § —y(xr+r —x) vertices are in N (u),
and there are at most ra + z vertices which have distance g/2 — 2 in G to (N(X)NV(C)) U Z.

Moreover, because of

yre+y(r—x)+z+2re=ray+yr—ay+r—x—y+2rx

r(r—1)>2
§T+yr—xy+r—x—y+2r:v
—1)2
:%er(r—n,
we have
r(r—1)32

S—yler+r—z)—z—2rx >0 —
Therefore, there are at least
d—ylar+r—z)—z—rx >rx

vertices in N (u) which have distance at least g/2 to Y and at least g/2—1 to (N(X)NV(C))UZ
in G — W. Thus, we have

d(v,F)>g/2—2 for all v € N(u)
and there exists a set U = {uq,...,ut} C N(u), where ¢t > ra, such that
d(U,Y) > g/2 and d(U,F\Y) > g/2 - 1.

For each vertex u; in N(u), denote by U; the vertices in N(u;) — w which have distance
at least g/2 — 1 to F in Gy — W. It is clear that |U;| is at least 6 — 1 — ro — z — y, since
|F| < rz +y + 2. Denote by U; the set of vertices in N(u;) — u which have distance at least
g/2—1to XUYUZin Gy —W. SoU; C ﬁi. It is easy to see that |(/]\l| >§—r—1as
X UY UZ| < r. To summarize, there exist two sets U; C U; C N(u;) —u, i = 1,2, with
U;| >6—1—rz—2z—yand |U]| > —r — 1 such that

AU, XUY UZ)>g/2-1,
d(U;, F) > g/2 - 2.

Using the similar approach as before, we construct a (4, ¢’)-graph with smaller size. Taking
the subgraph of G — W induced by V(C)UY U Z — {u} and deleting some vertices (which
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are described in the proof later), we denote the resulting graph by H. Take another copy of
H and denote it by H*, the corresponding sets of interests in H* are U* = {u},u},...,uf},
Y* and Z*. We join the vertices of H and H* by some edges, which are described below, to
construct a new graph G’. The new graph G’ is §-regular and its girth is at least g but with
fewer vertices than G. By Monotonicity Theorem, we arrive at a contradiction and thus the
theorem is proved.

The connections are described below (see Figure 4 for an illustration).

N(X*)UV(C*]
/N

Figure 4 [Illustration of the construction

(a) The degrees of vertices in N(X) N V(C) are unknown at this point, however we know
that the number of new edges that should be added in order to achieve degree ¢ for all the
vertices in N(X) NV(C) is at most ra. Therefore, every vertex, say z;, in N(X)NV(C) is
connected to |[N(z;) N V(C)| vertices in U*. Note that |U| > rz, thus this operation is well
defined. We make the same connections between N(X*)NV(C*) and U. It is obvious that now
the vertices in N(X)NV(C) and N(X*)NV(C*) have degree 4.

(b) There are at least |Y| 4 |Z| vertices left in N(u) with degree § — 1 which are at distance
at least g/2 — 1 to F. The the same statement applies to N(u*). Every vertex y; in YV is
arbitrarily connected with one of these remaining vertices in N(u*), say u}. We remove u}
from the graph and connect y; to some vertices in [/J} such that y; has degree . Note that
|[71\*| >d—r—1and |[N(y;) NV(C)| <6 —r — 1. Therefore, we guarantee that the degree of
y; equals to § by connecting it to vertices in (/]} We make the similar connections between Y *
and N (u).
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(c) At this stage, there are at least |Z| vertices left in N(u) with degree § — 1 and these
vertices are at distance at least g/2 — 1 to F. Each vertex z; of Z is arbitrarily connected with
a vertex in N (u*), say uj. We remove u; from the graph and connect z; to some vertices in U
such that z; has degree §. Note that [Uf| > §—(1+rz+2+y) and 0—dg, (2;) < 6—(re+z+y)—1.
Therefore, we can connect z; to some vertices of U to insure that degree of z; is . We make

the similar connections between Z* and N (u).

(d) The rest of the vertices in the graph have degree § or § — 1. We connect each vertex
x € V(H) with degree § — 1 to its copy z* € V(H™).

The graph G’ is a d-regular graph. It is not hard to verify that this graph has girth at
least ¢ in the same way as what we did in the proof of the previous theorem. Now we have
constructed a (9, ¢’)-graph G’ with girth ¢’ > ¢g but |V/(G’)| < |[V(G)|, arriving at a contradiction
by Monotonicity Theorem. O
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